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On evolutoids of regular surfaces in Euclidean
3-space
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Abstract. Inspired by the concept of evolutoids of planar curves, we
present the concept of evolutoids for regular surfaces as an envelope of
a two-parameter family of lines in Euclidean 3-space. We give an ex-
plicit parametrization for such evolutoids. Besides, we used the theory
of singularities to study the local behavior of regular points of this ob-
ject and presented some relations between the geometry of the regular
surface and its evolutoid.
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1. Introduction
There are many interesting curves which we can associate with a given con-
vex curve γ. One of these is called the evolute, which is the envelope of
normal lines of γ. It is well-known that cusps in the evolute correspond to
the curvature extrema of γ. The evolute also goes to infinity corresponding
to inflections (zeros of curvature) of γ. Another interesting curve associated
to γ is its evolutoid : that is, the curve obtained as the envelope of lines mak-
ing a fixed angle (α ∈ (0, pi/2)) with the normal line at every point of the
curve. Many mathematicians have studied the evolutoid of plane curves, as
observed in [5, 9, 1, 6]. The geometry of these envelopes has been studied
for the first time by Re´aumur, in 1709. In [5] the authors considered plane
curves with inflections. Also in [5], they introduced some standard techniques
of singularity theory to explain how the evolutoid changes when the angle α
ranges between 0 and pi/2.
It is natural to wonder how one can generalize these concepts for surfaces
in R3. The focal set of a surface in R3 is the analogue of the evolute of a plane
Work partially supported by FAPEMIG.
?Corresponding author.
ar
X
iv
:1
91
1.
11
83
0v
1 
 [m
ath
.D
G]
  2
6 N
ov
 20
19
2 Ady Cambraia Jr, Ab´ılio Lemos and Mostafa Salarinoghabi
curve. Let S be a smooth and regular surface in R3 without parabolic points,
and let X : U ⊂ R2 → R3 be a local parametrization of S. The focal set (or
the evolute) of S is the set (S) = 1(S) ∪ 2(S) where
i(p) =
{
p+
1
κi(p)
N(p), p ∈ S
}
, i = 1, 2,
and also N(p) denotes the normal vector of S at p. Given a non-umbilic point
p ∈ S, two distinct focal points corresponding to p can be observed; one is
on 1 and the other, on 2. These focal points coincide when p is an umbilic
point. The focal sets and their geometry are well studied, see for example
[2, 3, 7, 11].
Similarly to the case of plane curves, one can generalize the concept
of evolutoid for the surface S as the envelope of lines making a fixed angle
(α ∈ (0, pi/2)) with the normal vector, N , at every point of the surface.
There are several questions that one may ask. How is it possible to obtain
the parametrization of evolutoid? What is the regularity condition of the
evolutoid? What geometric information about the surface S can be derived
from its evolutoid? The aim of this paper is to deal with these questions.
We have proved in this paper that, in general, the evolutoid, E , is regular
at the point p ∈ E if and only if the corresponding point in S is not a ridge
point of S. Also, the point p is a parabolic point of the evolutoid E if and
only if its corresponding point in S is a subparabolic point of S.
The main results of this paper are Theorem 3.4 where we study the
contact of evolutoid with planes. Besides, since the evolutoid is caustic (see
[8]), in Theorem 3.7, we obtain conditions for the evolutoid to be equivalent
to the cuspidal-edge and swallowtail singularities.
The paper is organized as follows. In section 2, we obtain the parame-
trization of the evolutoid of surfaces in R3. The local differential geometry of
the evolutoid and its relations with the geometry of the surface S have been
studied in section 3.
2. Evolutoid of a regular surface in R3
Let F : Rn × Rk −→ Rd be a k-parameter family of smooth functions given
by (x1, . . . , xn, u1, . . . , uk) 7−→ F (x1, . . . , xn, u1, . . . , uk). The envelope of the
family F is the solution set of the system{
F (x1, x2, . . . , xn, u1, u2, . . . , uk) = 0
Fui(x1, x2, . . . , xn, u1, u2, . . . , uk) = 0
(2.1)
where i = 1, . . . , k and Fui denote the partial derivative
∂F
∂ui
. Therefore, the
envelope of the family F exists when the rank of the coefficients matrix is
less than k + 1.
Let S be a regular surface without parabolic and umbilical points. A
point p on a surface S is called a parabolic point if the Gaussian curvature of
S vanishes at p. Also, p is called an umbilic point if the normal curvatures at
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p in all directions are equal. Suppose that X : U −→ S is a parametrization
of S, such that the coordinate curves are lines of curvature. The parametrized
surfaces
i(u, v) = X(u, v) +
1
κi
N(u, v), i = 1, 2,
where κi’s are the principal curvatures of S, are called focal surfaces of X(U).
These surfaces can be obtained via envelope of a two-parameter family of
normal lines to S i.e.
F (X,u, v) = X −X(u, v)− rN(u, v),
at p = X(u, v). More precisely, we have{
Fu = −Xu − rNu = −(1 + ra11)Xu − ra21Xv = 0
Fv = −Xv − rNv = −ra12Xu − (1 + ra22)Xv = 0 . (2.2)
The system (2.2) has rank less than 2 if
(1 + ra11)(1 + ra22)− r2a12a21 = 0⇔
1 + r(a11 + a22) + r
2(a11a22 − a12a21) = 0⇔
1− 2rH + r2K = 0,
so r =
1
κ1
or r =
1
κ2
. Let S be a regular surface without parabolic or umbilical
points. Also, suppose that X : U −→ S is a parametrization of S such that
the coordinate curves are lines of curvature. Consider the vector
vα,β = cosα cosβ · Xu||Xu|| + cosα sinβ ·
Xv
||Xv|| + sinα ·N,
making a constant angle with the tangent plane of S at the point p =
X(u, v) ∈ S. We define the evolutoid of S as the envelope of family of lines
passing through the point p with direction vα,β , i.e, of the family
Q : R3 × U −→ R3
(X¯, u, v) 7−→ Q(X¯, u, v) = X¯ −X(u, v)− rvα,β .
The derivatives of Q are given by
Qu = b11Xu + b12Xv + b13N,
Qv = b21Xu + b22Xv + b23N,
where bij are as follow
b11 = −1− r
(
cos(α) sin(β)Ev
2E
√
G
− sin(α)κ1
)
b12 =
r cos(α) cos(β)Ev
2G
√
E
b13 = − r cos(α) cos(β)e√
E
b21 =
r cos(α) sin(β)Gu
2E
√
G
b22 = −1− r
(
cos(α) cos(β)Gu
2G
√
E
− sin(α)κ2
)
b23 = − r cos(α) sin(β)g√
G
,
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where E,G and e, g are the coefficients of the first and second fundamental
forms of S at the point p, respectively.
The condition for a point p to belong to the envelope of the family Q is
that the rank of its Jacobian matrix (bij)2×3, denoted by Jα,β , should be less
than 2. By straightforward calculations using a computer algebra package
(such as Maple or Mathematica), one can conclude that the matrix Jα,β has
rank < 2 only for two values of β. We summarize this result in the following
proposition.
Proposition 2.1. The envelope of the family of lines through the point p at
the direction vα,β has solution if and only if either β = 0 or β = pi/2.
As the calculations for the case β = pi/2 are similar to one of β = 0,
from now on, we consider β = 0. In this case, we denote the Jacobian matrix
of Q by J .
We have
J =
 −1 + r sin(α)κ1
r cos(α)Ev
2
√
EG
−r√Eκ1 cos(α)
0 −1− r cos(α)Gu
2
√
EG
+ r sin(α)κ2 0
 .
Note that J can present a rank less than 2 only when
r =
−2√EG
cos(α)Gu − 2 sin(α)
√
EGκ2
.
Therefore, the parametrization of the envelope is
E1(u, v) = X(u, v) + r
(
cos(α)√
E
Xu + sin(α)N(u, v)
)
. (2.3)
For β = pi2 , we denote the correponding envelope by E2.
Definition 2.2. The set E = E1 ∪E2 is called the Evolutoid of the surface S at
direction vα,β .
For the sake of simplicity, throughout this paper, the evolutoid of surface
S is called E1.
3. Local behavior of evolutoid with singularity view point
We devote this section to a local study on the evolutoid of the surface S
using singularity theory techniques. Let f : U ⊂ Rn → Rm be a smooth map
and denote its derivative map by df : TU → TRm. The map f is singular at
p ∈ U if the rank of the linear map
(df)p : Rn → Rm
is not maximal, that is, if rank(df)p < min(n,m). The point p is then said
to be a singular point of f . Otherwise, we say that f is non-singular at p and
p is a regular point of f .
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Two maps f, g : Rn → Rm are said to be A-equivalent if there exist
diffeomorphisms h : Rn → Rn and k : Rm → Rm such that f = k ◦ g ◦ h−1.
The jet space Jk(n,m) is the set of polynomials of degree less than or
equal to k, without the constant terms. For a given map-germ f : Rn → Rm
with f(0) = 0, one can associate a polynomial in Jk(n,m) to f , which is
denoted by jkf . Actually, jkf is simply its Taylor polynomial of degree k
at the origin. A map-germ f is said to be k-A-determined if any g with
jkg = jkf is A-equivalent to f . The k-jet of f is then called a sufficient jet.
Definition 3.1. Let f : (R, t0) → R be smooth such that f (i)(t0) = 0 for all
1 ≤ i ≤ k, while f (k+1)(t0) 6= 0. Then, we say that f has Ak-singularity.
It is worth mentioning that if f has Ak-singularity at t = t0, then it is
equivalent to the function g(t) = ±tk+1. A germ-function g : (Rm, 0) → R
has Ak-singularity at the origin if its A-equivalent to ±xk+11 ±x22± · · · ±x2m.
Next, we will study the differential geometry of the evolutoid of the
surface S, considering the singularity theory.
3.1. Monge form
Let 〈, 〉 denote the Euclidean inner product. For any regular surface S in
R3 and for any point q ∈ S, we can find an isometric change of coordinates
T : (R3, q)→ (R3, 0) such that T (S) is expressed by the image of the map
Φ :(R2, 0)→ (R3, 0) (3.1)
(u, v) 7→ (u, v, f(u, v)),
at least locally, where
f(u, v) =
1
2
(κ1(0, 0)u
2 + κ2(0, 0)v
2) +
k∑
s=3
cs +O(k),
and cs =
∑
i+j=s
aij
i!j!
uivj . The expression (3.1) is called the Monge forme
parametrization of S. Note that the coefficients κ1, κ2 and aij are differential-
geometric invariants of S at q. Remark that κ1(0, 0), κ2(0, 0) are principal
curvatures of S at (0, 0). Also, suppose that q is not a parabolic or umbilic
point and κ1 > κ2.
The Monge form parametrization (3.1) can be used to obtain the para-
metrization of the envelope (2.3), as demonstrated below:
E1(u, v) =
(
b100 + b110u + b101v + O(2), b220u
2
+ b202v
2
+ O(3), b300 + b310u + b301v + O(2)
)
,
(3.2)
where
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b100 =
cot(α)
κ2
b110 =
κ2(κ2 − κ1)− a12 cot(α)
κ22
b101 = −a03 cot(α)
κ22
,
b220 = − a21
2κ2
b202 =
a03
2κ2
,
b300 =
1
κ2
b310 =
−a12 + κ1κ2 cot(α)
κ22
b301 = −a03
κ22
.
According to the above calculations, the evolutoid E1 passes through
the point p =
(
cot(α)
κ2
, 0, 1κ2
)
at (0, 0).
For the surface S, there are some special points on S which contain
differential geometry information of S. One of these points is called ridge
point. Precisely, a ridge point of S is an A3-singularity of some distance
squared function on S. The closure of the set of ridge points is called the
ridge of the surface S. It is well-known that the image of the ridge associated
to the principal curvature κi by the map i(p) = p+1/κi(p)N(p), for i = 1, 2,
is precisely the singular set of the focal set. The sub-parabolic point is another
interesting point on S. The set of points on the surface S which correspond
to the parabolic set of its focal set is defined in [3, 11] as the sub-parabolic
curve of S. For further details, see [4].
Proposition 3.2. Generically, the evolutoid given in (3.2) is regular if and
only if the origin is not a ridge point of S, with respect to the vector ∂v.
Proof. A straightforward calculation can demonstrate that the vector E1u ×
E1v is not zero at p if (sin(α)2κ2 − κ1)a03 6= 0. We assume that κ1 − κ2 > 0
so sin(α)2κ2 − κ1 is different from zero. Therefore, the normal vector of the
evolutoid at p is not zero if and only if a03 6= 0, which is equivalent to say
that the origin is not a ridge point of S with respect to the vector ∂v. 
3.2. Contact with plane
After performing a suitable change of coordinate on (3.2), let ψ : U → R3 be
the Monge form parametrization of the regular evolutoid E1 of the surface S.
The contact of E1 with planes is measured by the singularities of the height
functions on E1.
Recall that the family of height functions H : U×S2 → R on E1 is given
by
H(u, v,v) = 〈ψ(u, v),v〉.
The contact of a regular surface with planes is well studied (see for instance
[8]). In this subsection, we shall derive geometric information about the sur-
face S from the family of height functions of its evolutoid. It is evident that
the height function H is singular at the origin p = ψ(0, 0) if and only if v is
a normal direction of E1 at p, which is denoted by N0, (see Proposition 6.4
of [8]).
Proposition 3.3. The following results hold for E1 given in (3.2), equipped with
the Monge form parametrization ψ at p = ψ(0, 0) with v = ψy(0, 0) ∈ TpE1.
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i) The point p is a parabolic point of the evolutoid E1 if and only if the
origin is a sub-parabolic point of S.
ii) The direction v is asymptotic at p if and only if
a21 =
(a12 − κ2(κ2 − κ1) tan(α))2
a03
,
where κ1 and κ2 are the principal curvatures of S at the origin.
iii) Suppose that the origin is not a parabolic point of S. If v is an asymp-
totic direction at p and p is a parabolic point of E1, then the parabolic
set of E1 is a smooth curve at p, if and only if a31 6= 0.
Proof. For the evolutoid E1, let l˜, m˜ and n˜ denote the coefficients of the
second fundamental form. We have l˜(0, 0) = −(a21/κ2), m˜(0, 0) = 0 and
n˜(0, 0) = (a03/κ2).
i) The point p is a parabolic point of the evolutoid E1 if and only if
the numerator of the parabolic curve K˜ at (0, 0) is zero. Therefore, we have
(l˜n˜ − m˜2)(0, 0) = −κ42a21/
(
a03
(−κ2 + κ1 + κ1 cot2(α))2) , which is zero if
a21 = 0. This means that the origin is a sub-parabolic point of the surface S
with respect to the vector ∂u.
ii) The direction v is asymptotic if κ˜n(v) = 0, where κ˜n denotes the
normal curvature of E1. Therefore, the vector v = (0, 0, 1) is an asymptotic
direction at p if and only if
a202(κ2 − κ1)2 − 2κ2a12(κ2 − κ1) cot(α) + (a212 − a03a21) cot(α)2 = 0. (3.3)
As a03 6= 0, we obtain a21 = (a12 − κ2(κ2 − κ1) tan(α))2 /a03 from (3.3).
iii) Let K˜(u, v) denote the parabolic curve of the evolutoid. When v is
an asymptotic direction and p is a parabolic point, by using (i) and (ii), we
have:
K˜(u, v) =
κ52a31 tan(α)
2
a03(κ1 cot(α) + (−κ2 + κ1) tan(α)3 (tan(α)u− v) +O(2).
As the origin is not a parabolic or umbilic point of S, κ2 6= 0. Hence, K˜ is
smooth at p, if and only if a31 6= 0. 
Theorem 3.4. For a regular surface S parametrized in Monge form (3.1), let
E1 denote its evolutoid given in (3.2). Also, consider the point p = ψ(0, 0) and
v = (0, 0, 1) ∈ TpE1 where ψ : (R2, 0) → (R3, p) , which denotes the Monge
form parametrization of E1. Assume that the origin is not a flat umbilic point
of S. Then for p a parabolic point of E1 and v an asymptotic direction at p,
the height function HN0 has a singularity at p of type
A2 ⇔ a31 6= 0,
A3 ⇔ a31 = 0 and a41 6= 0.
Proof. After performing a suitable change of coordinates on the evolutoid
(3.2), one can assume that ψ(u, v) = (u, g(u, v), v) with j1g = 0. The height
function along the normal direction N0 = (0, 1, 0) at the point p is given
by HN0(u, v) = g(u, v). By Propositions 3.2 and 3.3, if E1 is regular, p is a
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parabolic point of E1 and v is an asymptotic direction at p, then a03 6= 0,
a21 = 0 and a12 = κ2(κ2−κ1) tan(α). The coefficient of u2 in g(u, v) is equal
to (κ32 tan(α)
2)/a03, which is not zero as κ2 6= 0. Using some appropriate
change of coordinates, one can eliminate the term uv in the height function
g and conclude that HN0 has an A2-singularity if and only if a31 6= 0.
Using Theorem 6.2 of [8], we can derive that the singularity of the height
function is of type A3 if a31 = 0 and a41 6= 0. 
A point on the parabolic set where the height function along the normal
direction to the surface has an A3-singularity is called a cusp of Gauss. A cusp
of Gauss point q of a regular surface in R3 is called elliptic (resp. hyperbolic)
if the height function along the normal direction at q has an A+3 -singularity
(resp. A−3 -singularity) at q (for further details see [8]).
Remark 3.5. Suppose that the point p = ψ(0, 0) is the cusp of Gauss point
of the evolutoid E1. By Theorem 3.4, one can conclude that p is elliptic if
a41 > 0 or hyperbolic, if a41 < 0.
Proposition 3.6. Let S and its evolutoid E1 be given in Monge forms φ and ψ
at (0, 0) as in (3.1) and (3.2) and let v = (0, 0, 1) ∈ TpE1, where p = ψ(0, 0).
If v is an asymptotic direction at p and p is a parabolic point but not a
cusp of Gauss, then the geodesic curvature of E1 at N(p) of the image of the
parabolic curve by the Gauss map is
κ˜g =
a03 cos(α) cot
3(α)(−a13 cos(α) + a03(κ2 − κ1) sin(α))
κ52(−κ2 + 2κ1 + κ2 cos(2α))
.
Proof. The result can be obtained by a straightforward calculation, using
Propositions 3.3, 3.2, 6.10 of [8] and Theorem 3.4. 
3.3. Singular evolutoid
According to Proposition 3.2, the evolutoid (3.2) is singular at (0, 0) if a03 =
0. The next theorem is about a singular evolutoid of a surface S.
Theorem 3.7. Let S be a regular surface in R3 equipped with the Monge form
parametrization given in (3.1) at the origin. For a given 0 < α < pi/2, let E1
be the evolutoid of S, as in (3.2), at the point p = ψ(0, 0).
i) The evolutoid E1 has cuspidal-edge singularity at the point p if and only
if a03 = a21 = a13 = 0 and b110δ 6= 0, where b110 and δ are given in
(3.2) and (3.5), respectively.
ii) The evolutoid E1 has swallowtail singularity at the point p, if and only
if
a03 = a12 = 0,
(
a05 − 4κ2a13 cot2(α)
)
(a13 − 2κ2a21 cot(α)) 6= 0,
κ2(0, 0) 6= 0, 1
2
, 1,
3
2
.
Proof. We shall mildly abuse notation by using the same symbols bijk for
coefficients of terms in the parametrization of the evolutoid after replacing
a30 = 0 or after performing changes of coordinates during the proof.
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The parametrization of the singular evolutoid is presented below:
E1(u, v) =
(
b100 + b110u+O(2), b220u
2 +O(3), b300 + b310u+O(2)
)
. (3.4)
We remark that, in general, one can assume that b110 6= 0.
i) We intend to find conditions for the evolutoid to become A-equivalent
to cuspidal-edge (u, v3, v2).
After using the translation (U, V,W ) 7→ (U−b100, 0,W−b300), all terms
of the form (0, b2i0u
i, b3j0u
j), i, j = 1, . . . , k in jkE1 can be eliminated by a
change of coordinates in the target of the form (X,Y, Z) 7→ (X, bi110Y −
b2i0X
i, bj110Z − b3j0Xj).
The parametrization of the evolutoid is A-equivalent to the cuspidal-
edge (u, v3, v2) if b311 = 0 and b302 6= 0. More precisely, we have
δ = 3κ2a12(κ1 − κ2) cos(α) +
(
3κ42 − κ2a04 − 2a212 − 3κ32κ1 + κ1a04
)
sin(α) 6= 0, (3.5)
δ˜ = −2κ2(κ2 − κ1)a21 cos(α) + (κ2a13 − a13κ1 + 2a12a21) sin(α) = 0. (3.6)
From the equation (3.6), one can get a13 in terms of other coefficients. There-
fore, using the change of coordinates in the target of the form (U, V,W ) 7→
(U, b110b302V −b212UW,W ), we can eliminate the monomial (0, b212uv2, 0) in
j3E1. By placing the coefficient of the term u2v in the second component of
j3E1, we obtain δa221 = 0, where δ is given in (3.5). Since δ 6= 0, we conclude
that a21 = 0. By replacing a21 = 0 in δ˜ as given in (3.6), we obtain a13 = 0
as well. Note that the coefficient of v3 in the second component of j3E1 is not
zero either. Hence, the evolutoid given in (3.2) presents singularity of type
cuspidal-edge if a03 = a21 = a13 = 0 and b110δ 6= 0.
ii) Since the swallowtail singularity is 4-finitely determined, it is enough
to consider 4-jet of the singular evolutoid. Firstly note that we shall assume
that b110b311 6= 0 and b302 = 0. The last equation allows obtaining a04 in
term of other coefficients. Precisely, we have
a04 =
3κ2(κ2 − κ1)(κ22 + a12 cot(α))− 2a212
κ2 − κ1 . (3.7)
According to the Proposition 4.1 of [10], the evolutoid E1 has swallowtail
singularity if and only if
b203 = 0, b303b212b304 6= 0 and b204
b303b212
6= 0, 1
2
, 1,
3
2
.
The rest of the proof only requires replacing a03 = 0 and a04, given in (3.7),
under these conditions. By using some mathematical software packages, we
obtain
a03 = a12 = 0, κ2(0, 0) 6= 0, 1
2
, 1,
3
2
,(
a05 − 4κ2a13 cot2(α)
)
(a13 − 2κ2a21 cot(α)) 6= 0.
We remark that, after replacing a12 = 0 in (3.7), we have a04 = 3κ
3
2. 
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Figure 1. Swallow-tail (left) and cuspidal-edge (right) surfaces.
Remark 3.8. Proposition 3.2 ensures that the evolutoid (3.2) is singular at the
point p = ψ(0, 0) if the origin is a ridge point of the surface S. Now, according
to the Theorem 3.7, one can conclude that, if the evolutoid (3.4) becomes A-
equivalent to cuspidal-edge singularity (resp. swallowtail singularity) at the
point p, then the origin is a sub-parabolic point of the surface S with respect
to the vector ∂u (resp. ∂v) as well.
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